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We propose and analyse a feasible experimental scheme for a quantum force sensor based on the
elimination of back-action noise through coherent quantum noise cancellation (CQNC) in a hybrid
atom-cavity optomechanical setup assisted with squeezed vacuum injection. The force detector,
which allows for a continuous, broad-band detection of weak forces well below the standard quantum
limit (SQL), is formed by a single optical cavity simultaneously coupled to a mechanical oscillator and
to an ensemble of ultracold atoms. The latter acts as a negative-mass oscillator so that atomic noise
cancels exactly the back-action noise from the mechanical oscillator due to destructive quantum
interference. Squeezed vacuum injection enforces this cancellation and allows to reach sub-SQL
sensitivity in a very wide frequency band, and at much lower input laser powers.
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I. INTRODUCTION
Every measurement is affected by noise, degrading the
signal and consequently reducing the accuracy of the
measurement. However, noise cancellation techniques
can be applied if the noise can be identified and mea-
sured separately, as, for example, in the acoustic domain
[1]. The application of noise cancellation to quantum
systems has recently been introduced [2, 3] by using the
so-called coherent quantum noise cancellation (CQNC)
scheme, which relies on quantum interference. The ba-
sic idea is that under certain conditions, it is possible to
introduce an “anti-noise” path in the dynamics of the sys-
tem which can be employed to cancel the original noise
path via destructive interference.
The measurement of weak forces at the quantum limit
[4] and the search for quantum behavior in macroscopic
degrees of freedom have been some of the motivations at
the basis of the development of cavity optomechanics [5–
7]. In a force measurement based on an optomechanical
scheme [8, 9], the competition between shot noise and
radiation pressure back-action noise leads to the notion
of SQL [4]. Shot noise is a known effect limiting high-
precision interferometry at high frequencies [10], while
radiation pressure noise, recently observed for the first
time [11, 12], becomes relevant only at large enough pow-
ers and will be limiting in the low-frequency regime next-
generation gravitational-wave detectors [13]. These two
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noise sources have opposite scaling with the input field
power: increasing the input power in order to enhance the
measurement strength and decrease the shot noise leads
to increase the measurement back-action noise. There-
fore, in order to improve the force detection sensitivity
one has to eliminate the backaction noise.
There are various proposals for reducing quantum
noise and overcoming the SQL in force measurements,
including frequency-dependent squeezing of the input
field [14], variational measurements [15, 16], the use of
Kerr medium in a cavity [17], a dual mechanical oscil-
lator setup [18], the optical spring effect [19], and two-
tone measurements [20–23]. Preliminary experimental
demonstrations of these ideas have been already carried
out [24–29], and recent clear demonstrations of quantum-
nondemolition measurements have been given in [22, 30].
A different approach for sub-SQL measurements has
recently been introduced [2, 3], based on the CQNC of
back action noise via quantum interference. The idea is
based on introducing an“anti-noise” path in the dynam-
ics of the optomechanical system via the addition of an
ancillary oscillator which manifests an equal and oppo-
site response to the light field, i.e, an oscillator with an
effective negative mass. In the context of atomic spin
measurements an analogous idea for coherent backaction
cancellation was proposed independently [31, 32], and
has been applied for magnetometry below the SQL [33],
demonstrating that Einstein-Podolski-Rosen (EPR)-like
entanglement of atoms generated by a measurement en-
hances the sensitivity to pulsed magnetic fields. The orig-
inal proposal [2] focused on the use of an ancillary cavity
that is red-detuned from the optomechanical cavity. A
quantum non-demolition coupling of the electromagnetic
fields within the two cavities yields the necessary anti-
noise path, so that the backaction noise is coherently
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2cancelled. Ref. [34] considered in more detail the all-
optical realization of the CQNC proposal put forwarded
in [2, 3], and found that the requirements for its exper-
imental implementation appear to be very challenging,
especially for the experimentally relevant case of low me-
chanical frequencies and high-quality mechanical oscilla-
tors (MO) such as gravitational wave detectors. Other se-
tups, which provide effective negative masses of ancillary
systems for CQNC, have been suggested based on em-
ploying Bose-Einstein condensates [35], or the combina-
tion of a two-tone drive technique and positive-negative
mass oscillators [36].
In recent years, hybrid optomechanical systems as-
sisted by the additional coupling of the cavity mode with
an atomic gas have attracted considerable attention. It
has been found that the additional atomic ensemble may
lead to the improvement of optomechanical cooling [37–
41], thereby providing the possibility of ground state
cooling outside the resolved sideband regime [42, 43].
Moreover, the coupling of the mechanical oscillator to an
atomic ensemble can be used to generate a squeezed state
of the mechanical mode [44], or robust EPR-type entan-
glement between collective spin variables of the atomic
medium and the mechanical oscillator [31, 45].
Inspired by the above considerations, more recently
a theoretical scheme for CQNC based on a dual cavity
atom-based optomechanical system has been proposed
[46]. In this scheme, a MO used for force sensing is cou-
pled to an ultracold atomic ensemble trapped in a sepa-
rate optical cavity which behaves effectively as an effec-
tive negative mass oscillator (NMO). The two cavities are
coupled via an optical fiber. This system is a modification
of the setup suggested for hybrid cooling and electromag-
netically induced transparency [47] and the interaction
between the optomechanical cavity and the atomic en-
semble leads to the CQNC. The atomic ensemble acts as
a more flexible NMO, for which the “impedance match-
ing” condition of a decay rate identical to the mechanical
damping rate is easier to satisfy with respect to the full-
optical implementation of Ref. [34].
Here we propose to simplify and improve the atomic
ensemble implementation of CQNC of Ref. [46] by con-
sidering a different setup, involving only a single optome-
chanical cavity and a single cavity mode, coupled also to
an atomic ensemble, which is also injected by squeezed
vacuum (see Fig.1 (a)). The atomic ensemble is coupled
to the radiation pressure and the coupling strength of the
atom-field interaction is modulated. We show that the
interaction between the optomechanical cavity and the
atomic ensemble leads to an effective NMO that can pro-
vide CQNC conditions able to eliminate the backaction
noise of the MO. In fact, destructive quantum interfer-
ence between the collective atomic noise and the back-
action noise of the MO realizes an ‘anti-noise’ path, so
that the backaction noise can be cancelled (Fig.1 (b)).
CQNC conditions are realized when the optomechanical
coupling strength and the mechanical frequency are equal
to the coupling strength of the atom-field interaction and
to the effective atomic transition rate, respectively. Fur-
thermore, the dissipation rate of the MO needs to be
matched to the decoherence rate of the atomic ensemble.
Here we exploit the injection of appropriately squeezed
vacuum light in order to control and improve the noise
reduction for force detection, applying within this new
scenario, the properties of squeezing. In fact, it is well
known that the injection of a squeezed state in the unused
port of a Michelson interferometer can improve interfer-
ometric measurements [48–54], as recently demonstrated
in the case of gravitational wave interferometers [55].
The improvement of the performance of measurement via
squeezing injection has also been demonstrated in other
interferometers, such as the Mach-Zehnder [56], Sagnac
[57], and polarization interferometers [58]. Squeezing-
enhanced measurement have been realized also within
optomechanical setups: an experimental demonstration
of squeezed-light enhanced mechanical transduction sen-
sitivity in microcavity optomechanics has been reported
in [59]. Moreover, by utilizing optical phase tracking
and quantum smoothing techniques, improvement in the
detection of optomechanical motion and force measure-
ments with phase-squeezed state injection has also been
verified experimentally [60]. Finally the improvement
in position detection by the injection of squeezed light
has been recently demonstrated also in the microwave
domain in Ref. [61]. We also notice that it has been
recently theoretically shown that even the intracavity
squeezing generated by parametric down conversion can
enhance quantum-limited optomechanical position detec-
tion through de-amplification [62]. More recently Ref.
[63] has investigated the response of a mechanical oscil-
lator in an optomechanical cavity driven by a squeezed
vacuum and has shown when it can be used as a high
sensitive nonclassical light sensor.
In the present paper we show that if the cavity mode is
injected with squeezed light with an appropriate phase,
back-action noise cancellation provided by CQNC is
much more effective because squeezing allows to sup-
press the shot noise contribution at a much smaller input
power, and one has a significant reduction of the force
noise spectrum even with moderate values of squeezing
and input laser power.
The paper is organized as follows. Section II is devoted
to the description of the model. The linear quantum
Langevin equations of motion for the dynamical variables
involved in the sensing process are derived in Section III.
The main results for force sensing and the increased sen-
sitivity achieved in the case of back-action cancellation
provided by CQNC are given in Section IV. Finally, the
conclusions are summarized in Section V.
II. THE SYSTEM
The optomechanical setup considered in this paper is
schematically described in Fig. 1(a). The system consists
of a single Fabry-Pe´rot cavity in which a MO, serving as a
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FIG. 1. (Color online) (a) Schematic description of the sys-
tem under consideration. A mechanical oscillator with fre-
quency ωm is placed within a single-mode Fabry-Pe´rot cavity
containing an atomic ensemble that can be controlled by a
classical pumping field with Rabi frequency ΩR with effective
transition rate ωσ = ωm. An external force Fext is exerted
on the mechanical oscillator acting as a sensor. The cavity is
driven by a classical laser field with power PL and frequency
ωL, and also a squeezed light field, resonant with the cavity
mode, ωsq = ωc , is injected into the cavity. (b) Flow chart
representation of the backaction noise cancellation caused by
the anti-noise path associated with the interaction of the cav-
ity mode with the atomic ensemble acting as a negative mass
oscillator (NMO). (c) Atomic scheme leading to the effective
Faraday interaction, with a double Λ atomic system coupled
to the intracavity mode aˆ (thin blue line) and driven by a
classical control field (thick blue line) of frequency ωG = ωc
resonant with the cavity mode.
test mass for force sensing, is directly coupled to the radi-
ation pressure of an optical cavity field. Furthermore, the
cavity contains an ensemble of effective two-level atoms
that is coupled to the intracavity mode. As is shown in
Fig. 1(c), and will be detailed further below, the two-level
atomic ensemble with time-modulated coupling constant
considered in this scheme is achievable by considering a
double Λ-type atomic ensemble driven by the intracavity
light field and by a classical control field.
We consider a standard optomechanical setup with a
single cavity mode driven by a classical laser field with
frequency ωL, input power PL, interacting with a sin-
gle mechanical mode treated as a quantum mechanical
harmonic oscillator with effective mass m, frequency ωm,
and canonical coordinates xˆ and pˆ, with [xˆ, pˆ] = i~. This
single mode description can be applied whenever scatter-
ing of photons from the driven mode into other cavity
modes is negligible [64], and if the detection bandwidth
is chosen such that it includes only a single, isolated,
mechanical resonance and mode-mode coupling is negli-
gible [65]. Moreover, the cavity is injected by a squeezed
vacuum field with central frequency ωsq which is assumed
to be resonant with the cavity mode ωsq = ωc.
The total Hamiltonian describing the system is given
by
Hˆ = Hˆc + Hˆm + Hˆom + Hˆd + Hˆat + HˆF , (1)
where Hˆc describes the cavity field, Hˆm represents the
MO in the absence of the external force Fext, Hˆom de-
notes the optomechanical coupling, Hˆd accounts for the
driving field, Hˆat contains the atomic dynamics, and HˆF
denotes the contribution of the external force. The first
four terms in the Hamiltonian of Eq. (1) are given by
Hˆc = ~ωcaˆ†aˆ, (2a)
Hˆm = ~ωmbˆ†bˆ =
pˆ2
2m
+
1
2
mω2mxˆ
2, (2b)
Hˆom = ~g0aˆ†aˆ(bˆ+ bˆ†), (2c)
Hˆd = i~EL(aˆ†e−iωLt − aˆeiωLt), (2d)
where aˆ and bˆ are the annihilation operators of the cav-
ity field and the MO, respectively, whose only nonzero
commutators are [aˆ, aˆ†] = [bˆ, bˆ†] = 1. Furthermore,
xˆ = xZPF (bˆ + bˆ
†) and pˆ = ipZPF (bˆ† − bˆ), with
xZPF =
√
~/2mωm and pZPF = ~/2xZPF the zero-
point position and momentum fluctuations of the MO.
g0 = (dωc/dx)xZPF is the single-photon optomechanical
strength, while EL =
√
PLκin/~ωL, with κin the cou-
pling rate of the input port of the cavity.
For the atomic part, we consider an ensemble of N ul-
tracold four-level atoms interacting non-resonantly with
the intracavity field and with a classical control field with
Rabi frequency ΩR and frequency ωG (see Fig. 1(c)).
Considering the far off-resonant interaction, the two ex-
cited states |e1〉 and |e2〉 will be only very weakly pop-
ulated. In this limit, these off-resonant excited states
can be adiabatically eliminated so that the light-atom
interaction reduces the coupled double - Λ system to an
effective two-level system, with upper level |e〉 and lower
level |g〉, (Fig. 1(c)), driven by the so-called Faraday or
quantum non-demolition interaction [66]. Apart from the
light-matter interface, the Faraday interaction has im-
portant applications also in continuous non-demolition
measurement of atomic spin ensembles [67], quantum-
state control/tomography [68] and magnetometry [69].
In the system under consideration, we also assume that
a static external magnetic field tunes the Zeeman split-
ting between the states |e〉 and |g〉 into resonance with
the frequency ωm of the MO.
Considering the effective two-level model for the
atomic ensemble, we introduce the collective spin opera-
tors
Sˆ+ =
N∑
i=1
∣∣∣e(i)〉〈g(i)∣∣∣ = (Sˆ−)†, (3a)
Sˆz =
1
2
N∑
i=1
∣∣∣e(i)〉〈e(i)∣∣∣− ∣∣∣g(i)〉〈g(i)∣∣∣ , (3b)
4where i labels the different atoms. The collective spin op-
erators obey the commutation relations
[
Sˆ+, Sˆ−
]
= 2Sˆz
and
[
Sˆ∓, Sˆz
]
= ±Sˆz, so that the effective Hamiltonian
of the atomic ensemble can be written as
Hˆat = ~ωmSˆz + ~G0 cos(ωGt)(aˆ+ aˆ†)(Sˆ+ + Sˆ−), (4)
where G0 = E0(ΩR/δσ) is the atom-field coupling, with
E0 and δσ denoting the cavity-mode Rabi frequency and
the detuning of the control beam from the excited atomic
states, respectively. Now we assume that the atoms are
initially pumped in the hyperfine level of higher energy,
|e〉, which results in an inverted ensemble that can be
approximated for large N by a harmonic oscillator of
negative effective mass. This fact can be seen formally
using the Holstein-Primakoff mapping of angular momen-
tum operators onto bosonic operators [70]. In our case
we have a total spin equal to N/2 and one can intro-
duce an effective atomic bosonic annihilation operator dˆ
such that Sˆz = N/2 − dˆ†dˆ, Sˆ+ =
√
N
[
1− dˆ†dˆ/N
]1/2
dˆ,
Sˆ− =
√
Ndˆ†
[
1− dˆ†dˆ/N
]1/2
, so that the commutation
rules are preserved. As long as the ensemble remains
close to its fully inverted state, we can take dˆ†dˆ/N  1
and approximate Sˆ− '
√
Ndˆ†, Sˆ+ '
√
Ndˆ. Therefore,
under the bosonization approximation, we can rewrite
Eq. (4) as
Hˆat = −~ωmdˆ†dˆ+ ~G cos(ωGt)(aˆ+ aˆ†)(dˆ+ dˆ†), (5)
which shows that the atomic ensemble can be effectively
treated as a NMO, coupled with the collective coupling
G = G0
√
N with the cavity mode. Moving to the
frame rotating at laser frequency ωL, where aˆ→ aˆe−iωLt,
choosing the resonance condition ωG = ωL, and apply-
ing the rotating wave approximation in order to neglect
the fast rotating terms, i.e., the terms proportional to
e±i(ωG+ωL)t, one gets
Hˆat = −~ωmdˆ†dˆ+ ~G
2
(aˆ+ aˆ†)(dˆ+ dˆ†). (6)
Therefore, the total Hamiltonian of the system in the
frame rotating at laser frequency ωL is time-independent
and can be written as
Hˆ = ~∆c0aˆ†aˆ+ ~ωmbˆ†bˆ− ~ωmdˆ†dˆ+ ~g0aˆ†aˆ(bˆ+ bˆ†)
+~
G
2
(aˆ+ aˆ†)(dˆ+ dˆ†) + i~EL(aˆ† − aˆ), (7)
where ∆c0 = ωc − ωL.
III. DYNAMICS OF THE SYSTEM
The dynamics of the system is determined by the quan-
tum Langevin equations obtained by adding damping
and noise terms to the Heisenberg equations associated
with the Hamiltonian of Eq. (7) [71],
˙ˆx = pˆ/m (8a)
˙ˆp = −mω2mxˆ− 2pZPF g0aˆ†aˆ− γmpˆ+ η + F˜ext, (8b)
˙ˆa = −i∆c0aˆ− ig0aˆ xˆ
xZPF
− iG
2
(dˆ+ dˆ†) + EL
−κ
2
aˆ+
√
κaˆin, (8c)
˙ˆ
d = iωmdˆ− iG
2
(aˆ+ aˆ†)− Γ
2
dˆ+
√
Γdˆin, (8d)
where γm is the mechanical damping rate, Γ is the collec-
tive atomic dephasing rate, κ denotes the cavity photon
decay rate. We have also considered an external clas-
sical force F˜ext which has to be detected by the MO.
The system is also affected by three noise operators:
the thermal noise acting on the MO, η(t), the optical
input vacuum noise, aˆin, and the bosonic operator de-
scribing the optical vacuum fluctuations affecting the
atomic transition, dˆin [72]. These noises are uncorre-
lated, and their only nonvanishing correlation functions
are 〈aˆin(t)aˆin(t)†〉 = 〈dˆin(t)dˆin(t)†〉 = δ(t−t′) [72]. Here,
we have assumed that the external classical force has no
quantum noise. The Brownian thermal noise operator
η(t) obeys the following correlation function [71]
〈η(t)η(t′)〉=mγm~
∫
dω
2pi
ωe−iω(t−t
′)
[
coth
(
~ω
2kBT
)
+1
]
,
(9)
where T is the temperature of the thermal bath of the
MO. The mechanical quality factor Qm = ωm/γm is typi-
cally very large, justifying the weak damping limit where
the Brownian noise can be treated as a Markovian noise,
with correlation function [71]
〈η(t)η(t′)〉'~mγm[ωm(2n¯m+1)δ(t− t′)+iδ′(t− t′)] ,
(10)
where n¯m = (exp(~ωm/kBT )− 1)−1 is the mean ther-
mal phonon number and δ′(t − t′) is the time derivative
of the Dirac delta. The term proportional to the deriva-
tive of the Dirac delta is the antisymmetric part of the
correlation function, associated with the commutator of
η(t) [71], but it does not contribute to the subsequent ex-
pressions where we have always calculated symmetrized
correlation functions.
We define the optical and atomic quadrature operators
Xˆa = (aˆ
†+ aˆ)/
√
2, Pˆa = i(aˆ
†− aˆ)/√2, Xˆd = (dˆ+ dˆ†)/
√
2,
Pˆd = i(dˆ
† − dˆ)/√2 and their corresponding noise oper-
ators Xˆina = (aˆ
in,† + aˆin)/
√
2, Pˆ ina = i(aˆ
in,† − aˆin)/√2,
Xˆind = (dˆ
in,† + dˆin)/
√
2 and Pˆ ind = i(dˆ
in,† − dˆin)/√2.
Moreover we adopt dimensionless MO position and mo-
mentum operators Xˆ = xˆ/
√
2xZPF and Pˆ = pˆ/
√
2pZPF ,
so that [Xˆ, Pˆ ] = i. We then consider the usual regime
where the cavity field and the atoms are strongly driven
and the weak coupling optomechanical limit, so that we
can linearize the dynamics of the quantum fluctuations
around the semiclassical steady state. After straight-
forward calculations, the linearized quantum Langevin
5equations for the quadratures’ fluctuations are obtained
as
δ
˙ˆ
X = ωmδPˆ , (11a)
δ
˙ˆ
Xd = −ωmδPˆd − Γ
2
δXˆd +
√
ΓXˆind , (11b)
δ
˙ˆ
Xa = ∆cδPˆa − κ
2
δXˆa +
√
κXˆina , (11c)
δ
˙ˆ
P =−ωmδXˆ−γmδPˆ− gδXˆa+√γm(fˆ+Fext),(11d)
δ
˙ˆ
Pa =−∆cδXˆa−gδXˆ−GδXˆd− κ
2
δPˆa +
√
κPˆ ina ,(11e)
δ
˙ˆ
P d = ωmδXˆd −GδXˆa − Γ
2
δPˆd +
√
ΓPˆ ind , (11f)
where the effective linearized optomechanical coupling
constant is g = 2g0αs, ∆c = ∆c0 − g20 |αs|2/ωm is
the effective cavity detuning, and αs is the intracavity
field amplitude, solution of the nonlinear algebraic equa-
tion (κ/2 + i∆c)αs = EL − iG2ωmReαs/(Γ2/4 + ω2m),
which is always possible to take as a real number by
an appropriate redefinition of phases. Finally we have
rescaled the thermal and external force by defining f(t) =
η(t)/
√
~mωmγm and Fext = F˜ext(t)/
√
~mωmγm. These
equations are analogous to those describing the CQNC
scheme proposed in [3] and then adapted to the case when
the NMO is realized by a blue detuned cavity mode in
Ref. [34], and by an inverted atomic ensemble in Ref.
[46]. Compared to the latter paper, the cavity mode tun-
nel splitting 2J is replaced by the effective cavity mode
detuning ∆c.
As suggested by the successful example of the injec-
tion of squeezing in the LIGO detector [55] and more re-
cently in an electro-mechanical system [61], we now show
that the force detection sensitivity of the present scheme
can be further improved and can surpass the SQL when
the cavity is driven by a squeezed vacuum field, with
a spectrum centered at the cavity resonance frequency
ωsq = ωc.
The squeezed field driving is provided by the finite
bandwidth output of an optical parametric oscillator
(OPO), shined on the input of our cavity system, imply-
ing that the cavity mode is subject to a non-Markovian
squeezed vacuum noise, with two-time correlation func-
tions given by [73]〈
aˆin(t)aˆin(t′)
〉
=
M
2
bxby
b2x + b
2
y
(
bye
−bxτ+bxe−byτ
)
,(12a)
〈
aˆin,†(t)aˆin(t′)
〉
=
N
2
bxby
b2y − b2x
(
bye
−bxτ−bxe−byτ
)
,(12b)
where τ = |t− t′|, while bx and by define the bandwidth
properties of the OPO driven below threshold [74] for
the generation of squeezed light. The squeezing band-
widths and the parameters M and N are related to the
effective second-order nonlinearity ε and the cavity decay
rate γ of the OPO by bx = γ/2− |ε|, by = γ/2 + |ε| and
M = (εγ/2)(1/b2x + 1/b
2
y), N = (|ε| γ/2)(1/b2x − 1/b2y).
It is clear that N ≥ 0 and the stability of the OPO re-
quires bx ≥ 0. The chosen parametrization satisfies the
well known condition |M |2 ≤ N(N + 1) for squeezed
noise. In the case of pure squeezing, there are only
two independent parameters, one can parametrize M =
(1/2) sinh(2r) exp(iφ) and N = sinh2r, with r and φ be-
ing, respectively, the strength and the phase of squeezing,
so that |M |2 = N(N + 1) and by = bx
√
2(N + |M |+ 1).
In the white noise limit, i.e., when bx,y → ∞, while
keeping M and N constant, the correlation functions
can be written in Markovian form, i.e., 〈aˆin(t)aˆin(t′)〉=
Mδ(t− t′) and 〈aˆin,†(t)aˆin(t′)〉=Nδ(t− t′). We will re-
strict to this white noise limit from now on, which is jus-
tified whenever the two bandwidths bx,y are larger than
the mechanical frequency ωm and the cavity line-width
κ.
In the next section, we will study how CQNC eliminat-
ing the effect of backaction noise and squeezed-vacuum
injection can jointly act in order to improve significantly
the detection of a weak force acting on the MO.
IV. FORCE SENSING AND CQNC
An external force acting on the MO shifts its position,
which in turn is responsible for a change of the effective
length of the cavity and therefore of the phase of the
optical cavity output. As a consequence, the signal as-
sociated to the force can be extracted by measuring the
optical output phase quadrature, Pˆ outa , with heterodyne
or homodyne detection. The expression for the output
filed can be obtained from the standard input-output re-
lation [72, 75], i.e., aˆout =
√
κδaˆ− aˆin, so that the output
quadrature is given by
Pˆ outa =
√
κδPˆa − Pˆ ina , (13)
and solving Eqs. (11) for δPˆa. Typically stationary spec-
tral measurements of forces are carried out and therefore
we are interested in the solution for P outa in the frequency
domain. After straightforward calculations, we get
Pˆ outa =
√
κχ′a
{
−gχm√γm
(
fˆ + Fext
)
+
√
κ
[(
1− 1
χ′aκ
)
Pˆ ina −∆cχaXˆina
]
−Gχd
√
Γ
[
Pˆ ind − Xˆind
(
Γ/2 + iω
ωm
)]
+
√
κχa
(
g2χm +G
2χd
)
Xˆina
}
, (14)
where we have defined the susceptibilities of the cavity
field, the MO, and of the atomic ensemble, respectively
as
χa(ω) =
1
κ/2 + iω
,
χm(ω) =
ωm
(ω2m − ω2) + iωγm
,
χd(ω) =
−ωm
(ω2m − ω2 + Γ2/4) + iωΓ
, (15)
6and we have introduced the modified cavity mode sus-
ceptibility
1
χ′a
=
1
χa
− χa∆c
(
g2χm +G
2χd −∆c
)
. (16)
Eq. (14) is the experimental signal which, after cali-
bration, is used for estimating the external force Fext.
Appropriately rescaling Eq. (14) we can rewrite
F estext ≡
−1
gχ′aχm
√
κγm
Pˆ outa ≡ Fext + FˆN , (17)
where the added force noise is defined as
FˆN = fˆ −
√
κ
γm
1
gχm
[(
1− 1
χ′aκ
)
Pˆ ina −∆cχaXˆina
]
+
Gχd
gχm
√
Γ
γm
[
Pˆ ind −
Γ/2 + iω
ωm
Xˆind
]
−g
2χm +G
2χd
gχm
√
κ
γm
χaXˆ
in
a . (18)
Eq. (18) shows that in the present scheme for force de-
tection we have four different contributions to the force
noise spectrum. The first term corresponds to the ther-
mal noise of the MO, the second term corresponds to
the shot noise associated with the output optical field,
which is the one eventually modified by the squeezed in-
put field. The third term is the contribution of the atomic
noise due to its interaction with the cavity mode, while
the last term describes the backaction noise due to the
coupling of the intracavity radiation pressure with the
MO and with the atomic ensemble.
A. CQNC conditions
The CQNC effect amounts to the perfect backaction
cancellation at all frequencies, obtaining in this way sig-
nificantly lower noise in force detection. From the last
term in Eq. (18), it is evident that for g = G and
χm = −χd the contributions of the backaction from the
mechanics and from the atoms cancel each other for all
frequencies. As shown in Fig. 1(b), they can be thought
of as ‘noise’ and ‘anti-noise’ path contributions to the sig-
nal force Fext. Therefore an effective NMO, in this case
realized by the inverted atomic ensemble, is necessary for
realizing χm = −χd. More in detail, CQNC is realized
whenever:
(i) the coupling constant of the optical field with the
MO and with the atomic ensemble are perfectly
matched, g = G, which is achievable by adjusting
the intensity of the fields driving the cavity and the
atoms;
(ii) the atomic dephasing rate between the two lower
atomic levels Γ must be perfectly matched with the
mechanical dissipation rate γm (we have assumed
the atomic Zeeman splitting perfectly matched
with the MO frequency ωm from the beginning);
(iii) the MO has a high mechanical quality factor, or
equivalently, Γ ωm so that the term Γ2/4 can be
neglected in the denominator of χd (see Eq. (15)).
Mechanical damping rates of high quality factor MO are
quite small, not larger than 1 kHz. As already pointed
out in Sec. III of Ref. [46], the matching of the two
decay rates is easier in the case of atoms because ground
state dephasing rates can also be quite small [76, 77]. On
the contrary, matching the dissipative rates in the case
when the NMO is a second cavity mode, as in the fully
optical model of Ref. [34], is more difficult because it
requires having a cavity mode with an extremely small
bandwidth which can be obtained only assuming large
finesse and long cavities.
Note that under CQNC conditions the effective suscep-
tibility of Eq. (16) becomes χ′CQNCa = (1/χa+χa∆
2
c)
−1.
It is clear that under the CQNC conditions the last term
in the noise force of Eq. (18) is identically zero and we
can rewrite
FˆN = fˆ −
√
κ
γm
1
gχm
[(
1− 1
χ′aκ
)
Pˆ ina −∆cχaXˆina
]
−
[
Pˆ ind −
Γ/2 + iω
ωm
Xˆind
]
. (19)
In order to quantify the sensitivity of the force mea-
surement, we consider the spectral density of added noise
which is defined by [34]
SF (ω)δ(ω − ω′) = 1
2
(〈
FˆN (ω)FˆN (−ω′)
〉
+ c.c
)
. (20)
Under perfect CQNC conditions one gets the force noise
spectrum in the presence of squeezed-vacuum injection
which, in the experimentally relevant case κ  ω, reads
(see Appendix A for the explicit derivation)
SF (ω) =
kBT
~ωm
+
1
2
(
1 +
ω2 + γ2m/4
ω2m
)
+
κ
g2γm
1
|χm|2
[
1
2
(
1
2
+
2∆2c
κ2
)2
+Σ(M,N,∆c/κ)
]
,
(21)
where
Σ(M,N,∆c/κ) = N
(
1
2
+
2∆2c
κ2
)2
+ 2
∆c
κ
ImM
(
4
∆2c
κ2
− 1
)
+ReM
[
8∆2c
κ2
−
(
1
2
+
2∆2c
κ2
)2]
(22)
is the contribution of the injected squeezing to the op-
tomechanical shot noise. Eq. (21) shows that when
CQNC is realized, the noise spectrum consists of three
contributions: the first term denotes the thermal Brown-
ian noise of the MO, the second term describes the atomic
noise, and the last one represents the optomechanical
shot noise modified by squeezed-vacuum injection.
7We recall that with the chosen units, the noise spec-
tral density is dimensionless and in order to convert it
to N2Hz−1 units we have to multiply by the scale factor
~mωmγm. This noise spectrum has to be compared with
the noise spectrum of a standard optomechanical setup
formed by a single cavity coupled to a MO at resonance
frequency (∆c = 0) [5, 7],
SstF (ω) =
kBT
~ωm
+
1
2
[
1
4
κ
g2γm
1
|χm|2
+ 4g2
1
κγm
]
. (23)
As it is well known, the standard quantum limit for sta-
tionary force detection comes from the minimization of
the noise spectrum at a given frequency over the driv-
ing power, i.e., over the linearized coupling squared g2,
yielding
SstF (ω) ≥ SSQL =
1
γm |χm(ω)| . (24)
In the present case, the complete cancellation of the back-
action noise term proportional to g2 has the consequence
that force detection is limited only by shot noise and that
therefore the optimal performance is achieved at very
large power. In this limit force detection is limited only
by the the additional shot-noise-type term that is inde-
pendent of the measurement strength g2 corresponding
to atomic noise (see Eq. (21)), and which is the price to
pay for the realization of CQNC,
SCQNC =
1
2
(
1 +
ω2 + γ2m/4
ω2m
)
, (25)
(here we neglect thermal noise and other technical noise
sources which are avoidable in principle). As already
discussed in Ref. [46], in the limit of sufficiently large
driving powers when shot noise (and also thermal noise)
is negligible, CQNC has the advantage of significantly in-
creasing the bandwidth of quantum-limited detection of
forces, well out of the mechanical resonance. This analy-
sis can be applied also for the present scheme employing
a single cavity mode, and it is valid also in the presence of
injected squeezing, which modifies and can further sup-
press the shot noise contribution. This is relevant be-
cause it implies that one can achieve the CQNC limit of
Eq. (25), by making the shot noise contribution negli-
gible, much easily, already at significantly lower driving
powers. In this respect one profits from the ability of in-
jected squeezing to achieve the minimum noise at lower
power values, as first pointed out by Caves [48].
Let us now see in more detail the effect of the in-
jected squeezing by optimizing the parameters under per-
fect CQNC conditions. To be more specific, the injected
squeezed light has to suppress as much as possible the
shot noise contribution to the detected force spectrum,
and therefore we have to minimize the function within
the square brackets of Eq. (21), over the squeezing pa-
rameters N , M and the detuning ∆c. Defining y = ∆c/κ
the normalized detuning, one can rewrite this function as
h(M,N, y) =
(
N +
1
2
)(
1
2
+ 2y2
)2
−|M | [a(y) sinφ+ b(y) cosφ] , (26)
where M = |M |eiφ, and we have introduced the
detuning-dependent functions
a(y) = 2y(1− 4y2)
b(y) =
(
1
2
+ 2y2
)2
− 8y2. (27)
h(M,N, y) can be further rewritten as
h(M,N, y) =
(
N +
1
2
)(
1
2
+ 2y2
)2
−|M |
√
a(y)2 + b(y)2 cos [φ− φopt(y)] ,
(28)
where tanφopt(y) = a(y)/b(y) and it is straightforward
to verify that
√
a(y)2 + b(y)2 =
(
1/2 + 2y2
)2
. From this
latter expression is evident that, for a given detuning y,
and whatever value of N and |M |, the optimal value of
the squeezing phase minimizing the shot noise contribu-
tion is just φ = φopt(y), for which one gets
h(|M |, N, y) =
(
N +
1
2
− |M |
)(
1
2
+ 2y2
)2
. (29)
This latter expression can be easily further minimized by
observing that its minimal value is obtained by assuming
pure squeezed light |M | = √N(N + 1) and also taking
zero detuning y = 0, i.e., driving the cavity mode at
resonance, so that for a given value of (pure) squeezing
N , one has that
hmin(N) =
1
4
[
N + 1/2−
√
N(N + 1)
]
, (30)
which tends to zero quickly for large squeezing N , i.e.,
hmin(N  1) → 1/(32N). As a consequence, the shot
noise contribution can be rewritten after optimization
over the squeezing and detuning as,
SF
shot,opt(ω) =
κ
4g2γm |χm|2
[
N + 1/2−
√
N(N + 1)
]
.
(31)
We notice that the optimal value of the detuning, ∆c = 0
can be taken only in the present model with a single
cavity mode and not in the dual-cavity model of Ref. [46]
where the parameter ∆c is replaced by the coupling rate
between the two cavities 2J , which cannot be reduced to
zero. This is an important advantage of the single cavity
mode case considered here. Eq. (31) shows that injected
squeezing greatly facilitates achieving the ultimate limit
provided by CQNC of Eq. (25) because in the optimal
case and at large squeezing N , the shot noise term is
suppressed by a factor 1/(4N) with respect to the case
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FIG. 2. (Color online) Force noise spectral density versus
ω/ωm at the optimal value for the detuning ∆c/κ = 0 and
with an optimized squeezed injected light with phase ϕ =
ϕopt(0) = 0 and |M | =
√
N(N + 1), for different values of the
squeezing parameter, N = 0 (dashed, red line), N = 10 (dot-
dashed, purple line), andN = 100 (full, blue line). The dotted
black line corresponds to the SQL. The other parameters are
ωm/2π = 300 KHz, γm/2π = 30 mHz, g0/2π = 300 Hz,
λL ≃ 780 nm, PL = 24µW and κ/2π = 1 MHz.
In Fig. (2), the force noise spectral density SF (ω) op-
timized over the detuning and the value of the squeezing
parameter M , of Eq. (31), is plotted versus frequency at
different values of the injected squeezing parameter N .
The corresponding SQL spectrum (dotted black line) is
significantly higher in a broadband around the mechan-
ical frequency and force noise suppression increases for
increasing injected squeezing N .
It should be noted that in the case of no CQNC and
without atomic ensemble with squeezed injection the
SQL (see Appendix B Eq.(B8)) is as the same as stan-
dard SQL (Eq.(24)) since the effect of squeezing in low
frequency is vanished by the oposit effect of squeezing due
to the back action noise in Eq.(B6). The suppression of
noise in low frequency with squeezed injection is one of
the advantage of our scheme in comparison to others al-
though there was the proposal based on the squeezing
correlation injection for suppressing the noise in the low
frequency but here we can suppress the noise without us-
ing the squeezing correlation. Also we could suppress the
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FIG. 3. (Color online) Force noise spectral density versus
(g/g0)
2 (proportional to the input laser power) at the op-
timal value for the detuning ∆c/κ = 0 and with an opti-
mized squeezed injected light with phase ϕ = ϕopt(0) = 0 and
|M | =√N(N + 1). (a) refers to the value at the mechanical
resonance, ω = ωm, while (b) refers to the off-resonant case
ω = ωm + 4γm. The full red line refers to standard optome-
chanical case without the atomic ensemble of Eq. (23); the
long-dashed line and double-dot dashed line refer to standard
optomechanical case without the atomic ensemble of Eq. (B6)
with inject squeezing with N = 1 and N = 10, respectively;
the dashed black line refers to the case with the atomic en-
semble and CQNC but no injected squeezing, N = 0; the
dotted purple line refers to the case with injected squeezing
with N = 1; the dot-dashed blue line refers to the case with
injected squeezing with N = 10. The other parameter values
are as in Fig. 2.
low frequency by squeezed injection and direct detection
of quadrature and this scheme is better than synodyne de-
tection which is based on the squeezing correlation in low
frequency. In other word we could improve low frequency
noise with squeezed injection due to the backaction noise
cancellation by atomic ensemble as a NMO.
In Fig. (3) the optimized force noise spectral density
is instead plotted versus (g/g0)
2, which is proportional
to the input laser power PL, both at the mechanical res-
onance (Fig. 3a, ω = ωm) and off-resonance (Fig. 3b,
ω = ωm+4γm). Due to the back-action noise cancellation
caused by CQNC, force noise spectrum is always signifi-
cantly suppressed at large power with respect to the case
FIG. 2. (Color online) Forc tral density versus
ω/ωm in the resence of perfec CQNC, with an optimized
squeezed injected light with phas φ = φopt(0) = 0 and |M | =√
N(N + 1). (a) refers to the case with fix d squeezing N =
10 and different detunings: ∆c/κ = 0 (dot-dashed purple
line), ∆c/κ = 1/2 (dashed green line), ∆c/κ = 1 (full br wn
line). (b) ref rs to the optimal case ∆c/κ = 0 nd different
values of the squeezing parameter, N = 0 (dashed, red line),
N = 10 (dot-dashed, purple line), and N = 100 (full, blue
line). The dotted black line corresponds to the SQL. The
other parameters are ωm/2pi = 300 KHz, γm/2pi = 30 mHz,
g0/2pi = 300 Hz, λL ' 780 nm, PL = 24µW and κ/2pi = 1
MHz.
without injected squeezing (compare Eq. (29) in the case
M = N = y = 0 with Eq. (30) in the case when N 
1). This is of great practical utility because it means
that one needs a much smaller value of g, and therefore
much less optical driving power in order to reach the
same s ppression of the shot noise contribution.
Let us now illustrate how the combination of backac-
tion cancellation by the atomic ensemble under CQNC
and of the squeezing injected in the cavity may signif-
icantly improve force detection sensitivity. We co sider
an experimen ally feasible scheme based on a membra e-
in-the-middle setup [78], coupled to an ultracold atomic
gas confined in the cavity and in a magnetic field, like
the one demonstrated in Ref. [77] for ligh storag . A
system of this kind has not been demonstrated yet, but
the coupling of an atomic ensemble with a membrane has
been already demonstrated in Refs. [41, 43]. We assume
typical mechanical parameter values for SiN membranes,
ωm/2pi = 300 KHz, γm/2pi = 30 mHz, g0/2pi = 300 Hz,
λL ' 780 nm, PL = 24µW and κ/2pi = 1 MHz (see also
the caption of Fig. 2). The ground state sub-levels of the
ultracold atomic gas of Ref. [77] could be prepared in or-
der to satisfy the CQNC condition, i.e., the Zeeman split-
ting tuned in order that the effective atomic transition
rate coincides with ωm, the driving of the laser fields ad-
justed so that the two linearized couplings with the cavity
mode, G and g, coincide. Matching the dephasing rate
Γ with the damping rate γm is less straightforward but
one can decrease and partially tune the atomic dephas-
ing rate using the magic-value magnetic field technique
and applying dynamical decoupling pulse sequences, as
demonstrated in Ref. [77].
In Fig. (2), the force noise spectral density SF (ω)
optimized over the squeezing parameters, i.e., |M | =√
N(N + 1), φ = 0, is plotted versus frequency. In Fig.
2(a) we fix the squeezing parameter N = 10 and con-
sider different values of the detuning: as shown above,
force noise is minimum at the optimal case of resonant
cavity driving ∆c = 0. This plot clearly shows the ad-
vantage of the present single cavity scheme compared to
the double cavity setup of Ref. [46], where the role of ∆c
is played by the mode splitting 2J associated with the
optical coupling J between the cavity that cannot be put
to zero. In Fig. 2(b) we fix the detuning at this optimal
zero value, and we consider different values of the injected
squeezing parameter N . At resonance (ω = ωm), CQNC
and injected squeezing does not improve with respect to
the SQL spectrum (dotted black line), but force noise
suppression is remarkable in a broadband around the res-
onance peak, and becomes more relevant for increasing
injected squeezing N . Notice that injected squeezing al-
lows a further reduction of the off-resonance (ω 6= ωm)
force noise with respect to what can be achieved with
CQNC alone (see in Fig. 2(b) the full blue line and the
dot-dashed purple line compared to the dashed red line
which refers to the case of no-injected squeezing, N = 0.)
In Fig. (3) f rce noise spectral d nsity is instead
plotted vers s (g/g0)
2, which is proportional to the in-
put l er power PL, both at the mechanical resonance
(Fig. 3(a), ω = ωm) and off-resonance (Fig. 3(b),
ω = ωm+4γm). In both subfigures we compare the force
noise spectrum with perfect CQNC and for a given op-
timized squeezing N , with the corresponding spectrum
with the same injected squeezing but without atomic
ensemble and CQNC, for three different values of N ,
N = 0, 1, 10 (see also Appendix B where we evaluate
the general expressions of the force noise spectrum with-
out imposing the CQNC condition). Back-action noise
cancellation manifests i self with a sig ificant noise sup-
pression t large power, where minimum force n ise is
achieved. Without atoms and CQNC, force noise di-
verges at large power due to backaction, and o e has the
98
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FIG. 2. (Color online) Force noise spectral density versus
ω/ωm at the optimal value for the detuning ∆c/κ = 0 and
with an optimized squeezed injected light with phase ϕ =
ϕopt(0) = 0 and |M | =
√
N(N + 1), for different values of the
squeezing parameter, N = 0 (dashed, red line), N = 10 (dot-
dashed, purple line), andN = 100 (full, blue line). The dotted
black line corresponds to the SQL. The other parameters are
ωm/2π = 300 KHz, γm/2π = 30 mHz, g0/2π = 300 Hz,
λL ≃ 780 nm, PL = 24µW and κ/2π = 1 MHz.
In Fig. (2), the force noise spectral density SF (ω) op-
timized over the detuning and the value of the squeezing
parameter M , of Eq. (31), is plotted versus frequency at
different values of the injected squeezing parameter N .
The corresponding SQL spectrum (dotted black line) is
significantly higher in a broadband around the mechan-
ical frequency and force noise suppression increases for
increasing injected squeezing N .
It should be noted that in the case of no CQNC and
without atomic ensemble with squeezed injection the
SQL (see Appendix B Eq.(B7)) is as the same as stan-
dard SQL (Eq.(24)) since the effect of squeezing in low
frequency is vanished by the oposit effect of squeezing due
to the back action noise in Eq.(B5). The suppression of
noise in low frequency with squeezed injection is one of
the advantage of our scheme in comparison to others al-
though there was the proposal based on the squeezing
correlation injection for suppressing the noise in the low
frequency but here we can suppress the noise without us-
ing the squeezing correlation. Also we could suppress the
low frequency by squeezed injection and direct detection
of quadrature and this scheme is better than synodyne de-
tection which is based on the squeezing correlation in low
frequency. In other word we could improve low frequency
noise with squeezed injection due to the backaction noise
cancellation by atomic ensemble as a NMO.
In Fig. (3) the optimized force noise spectral density
is instead plotted versus (g/g0)
2, which is proportional
to the input laser power PL, both at the mechanical res-
onance (Fig. 3a, ω = ωm) and off-resonance (Fig. 3b,
ω = ωm + 4γm). Due to the back-action noise cancel-
lation caused by CQNC, force noise spectrum is always
significantly suppressed at large power with respect to
the case without atoms and CQNC, but when injected
squeezing is added, the force noise spectral density is sig-
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FIG. 3. (Color online) Force noise spectral density versus
(g/g0)
2 (proportional to the input laser power) at the op-
timal value for the detuning ∆c/κ = 0 and with an opti-
mized squeezed injected light with phase ϕ = ϕopt(0) = 0 and
|M | = √N(N + 1). (a) refers to the value at the mechan-
ical resonance, ω = ωm, while (b) refers to the off-resonant
case ω = ωm + 4γm. The full red line refers to standard op-
tomechanical case without the atomic ensemble of Eq. (23);
the dashed black line refers to the case with the atomic en-
semble and CQNC but no injected squeezing, N = 0; the
dotted purple line refers to the case with injected squeezing
with N = 1; the dot-dashed blue line refers to the case with
injected squeezing with N = 10. The other parameter values
are as in Fig. 2.
nificantly suppressed already at much lower power and
the effect is stronger for increasing values of N .
Fig. (4) shows the effect of detuning. It is clear that
the optimum case is zero detuning. In the case of no
squeezing (N = 0) the noise is suppressed by factor 1/4
and in the case of large squeezing the noise is suppressed
by factor 1/(16N) (see Appendix C). As shown the zero
detuning is advantage of this scheme in comparison to
others.
It is important to discussion how much sensitivity
of matching is necessary, specially we would consider
the mismatch of atomic dephasing rate and mechanical
damping rate which is more important than other CQNC
condition.
FIG. 3. (Color online) Force noise spectral density versus
(g/g0)
2 (proportional to the input laser power) at the op-
timal value for the detuning ∆c/κ = 0 and with an opti-
mized squeezed injected light with phase φ = φopt(0) = 0 and
|M | =√N(N + 1). (a) refers to the value at the mechanical
resonance, ω = ωm, while (b) refers to the off-resonant case
ω = ωm+4γm. In both subfigures we compare the force noise
spectrum with perfect CQNC and for a given (optimized)
squeezing N with the corresponding sp ctrum with the same
injected squeezing but without atomic ensemble and CQNC.
The full red line refers to standard optom cha ical case N = 0
without th atomic n emble of Eq. (23), while the dashed
black line refers again to N = 0 with the atomic ensemble and
perfect CQNC. The case with injected squeezing with N = 1
corresponds to the long-dashed green line (without atoms and
CQNC, see also Eq. (B6)), and to the dotted purple line (with
atoms and CQNC). Finally the case with injected squeezing
with N = 10 corresponds to the double-dot dashed brown line
(no atoms and CQNC), and to the dot-dashed blue line (with
atoms and perfect CQNC). The other parameter values are
as in Fig. (2).
usual situation where minimum force noise is achieved
at the SQL, at a given optimal power. In both cases,
either with or without CQNC, injected squeezing with
φ = 0 and |M | = √N(N + 1) is not able to improve
force sensitivity and to lower the noise at resonance (see
Fig. 3(a)), i.e., the SQL value remains unchanged, but
one has the advantage that for increasing N , the SQL is
reached at decreasing values of input powers [48]. As al-
ready suggested by Fig. (2), instead one has a significant
force noise suppression off-resonance and at large powers
due to backaction cancellation (Fig. 3(b)).
B. The case of imperfect CQNC conditions
Backaction cancellation requires the perfect matching
of atomic and mechanical parameters. As we discussed
above, one can tune the effective atomic transition rate
by tuning the magnetic field, and make it identical to
the mechanical resonance frequency ωm. Here we still
assume such a perfect frequency matching which, even
though not completely trivial, can always be achieved
due to the high tunability of Zeeman splitting. As we
discussed in the previous subsection, one can also make
the two couplings with the cavity mode G and g identical,
by adjusting the cavity and atomic driving, and finally
even the two decay rates, Γ and γm. However, both cou-
pling rates matching and decay rate matching are less
straightforward, and therefore it is important to investi-
gate the robustness of the CQNC scheme with respect to
imperfect matching of these two latter parameters.
We have restricted our analysis to the parameter
regime corresponding to the optimal case under per-
fect CQNC conditions, i.e., the resonant case ∆c = 0,
with an optimized pure squeezing, φ = φopt(0) = 0 and
|M | = √N(N + 1). We have also fixed the squeezing
value, N = 10, and considered again the parameter val-
ues of the previous subsection, but now considering the
possibility of nonzero mismatch of the couplings and/or
of the decay rates. We have used the expression of the
spectrum of Eq. (B5). We first consider in Fig. (4) the
effect of parameter mismatch on the force noise spectrum
versus ω. Fig. (4) shows that CQNC is more sensitive
to the coupling mismatch than to the decay rate mis-
match. In fact, the spectrum is appreciably modified al-
ready when (G − g)/g = 10−5, and force noise increases
significantly and in a broadband around resonance al-
ready when (G−g)/g = 10−3. This modification is quite
independent from the value of the decay rate mismatch,
(Γ − γm)/γm, whose effect moreover is always concen-
trated in a narrow band around resonance and for larger
values, (Γ− γm)/γm = 0.5. There is a weak dependence
upon the sign of the two mismatches, which however is
typically very small and not visible in the plots.
In Fig. (5) instead we fix the frequency and consider
the dependence of the force noise spectrum versus g2, i.e.
versus the laser input power, either at resonance (Fig.
5(a)), and off-resonance (Fig. 5(b)), similarly to what
we did under perfect CQNC in Fig. (3). Due to the im-
perfect CQNC caused by parameter mismatch, at large
power force noise spectrum increases again due to the un-
cancelled, residual backaction noise, and the increase at
large power is larger for larger parameter mismatch. At
resonance (Fig. 5(a)) both coupling mismatch and decay
rate mismatch have an effect, and force noise increase is
larger when both mismatches are nonzero and opposite,
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FIG. 4. (Color online) Force noise spectral density versus
ω/ωm at the optimal value for the detuning ∆c/κ = 0, with an
optimized squeezed injected light with phase φ = φopt(0) =
0, |M | = √N(N + 1), and N = 10. We consider different
coupling and decay rate mismatches. The dashed purple line
and double-dot dashed red line, respectively refer to the SQL
and perfect CQNC. The other curves correspond to: (G −
g)/g = ±10−3, Γ = γm (green, dot-dashed line); (G− g)/g =
±10−5, Γ = γm (blue, solid line); (Γ−γm)/γm = ±0.5, g = G
(black, solid line); (G − g)/g = ±10−5, (Γ− γm)/γm = ±0.5
(brown, long-dashed line). The other parameter values are as
in Fig. (2).
due to the effect of the negative mass, yielding suscepti-
bilities with opposite signs. As already shown in Fig. (4),
the effect of decay rate mismatch is instead hardly appre-
ciable out of resonance, and noise increase is caused by
the mismatch between the two couplings, regardless the
value of the decay rate mismatch. The analysis of Figs.
(4) and (5) allows us to conclude that CQNC is robust
with respect to mismatch of the decay rates, up to 10%
mismatch, and especially off-resonance, where the ad-
vantage of backaction cancellation is more relevant. On
the contrary, CQNC is very sensitive to the mismatch
between the atomic and mechanical couplings with the
cavity mode, which have to be controlled at 0.1% level
or better. This means that in order to suppress backac-
tion noise the intensity of the cavity and atomic driving
have to be carefully controlled in order to adjust the two
couplings.
V. SUMMARY AND CONCLUSION
We have proposed a scheme for the realization of
CQNC scheme for the high-sensitive detection of forces
based on a single optomechanical cavity containing an
atomic ensemble and driven by squeezed vacuum light.
The interaction of the atomic ensemble with the cavity
mode leads to a destructive interference that perfectly
cancels backaction noise of the MO, provided that atomic
ensemble parameters are chosen so that it acts as a neg-
ative mass oscillator whose susceptibility perfectly can-
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FIG. 4. (Color online) Force noise spectral density versus
ω/ωm at the optimal value for the detuning ∆c/κ = 0 and
with an optimized squeezed injected light with phase ϕ =
ϕopt(0) = 0 and |M | =
√
N(N + 1), and N = 10 for different
mismatches. In top panel: The black dotted line refers to
SQL, blue dot-dashed line refers to (G− g)/g = +0.1, brown
dot line refers to (G− g)/g = +0.1, green solid line refers to
(Γ − γm)/γm = 0.1 and red line refer to the CQNC which is
coincide with green line except vertical green solid line that is
the effect of backaction noise correction. Here we used from
low power laser PL = 2.4nW and the other parameter values
are as in Fig. (2). It should be mentioned that if we go to
higher power, the effett of mismatch in g is dominate which
is due to the non-cancellation of backaction noise term. In
down panel: PL = 24µW and brown dashed line refers to
(Γ− γm)/γm = 0.1.
without atoms and CQNC, but when injected squeezing
is added, the force noise spectral density is significantly
suppressed already at much lower power a the effect
is stronger for increasing values of N . As shown in the
standard optomechanica cavity with squeezed injection
the noise is suppressed at lower frequency but in high
frequency the backaction noise is dominated.
It is important to discussion how much sensitivity
of matching is necessary, specially we would consider
the mismatch of atomic dephasing rate and mechanical
damping rat which is more important than other CQNC
condition. Fiq. (5) show the effect of mismatch between
coupling const nts and decoherence rates versus g2/g20 at
on-resonance detection. As sh wn, 10%mismatch is good
approximation for back-ac ion noise reduction, however
o r numerical calculations shows that 1% mi match is
excellent approximati n for CQNC. Moreover, we find
w en th sign of mismatch of coupling constants and de-
coherence rates is the same, noi e reduction is mor than
when the mismatch sign is opposite. Also, it is clear that
in the c se of no optimization value the noise reduction
is worse then the choosing of ∆c = 0 is important from
experi ental point of view in order to reach better noise
cancellation. Fig. 5(c) shows that the effect of mismatch
in off-resonance case is smaller specially for ismatching
of damping rates.
V. SUMMARY AND CONCLUSION
We have proposed a simplified scheme for the realiza-
tion of CQNC scheme for the high-sensitive detection of
forces based on a single optomechanical cavity contain-
ing an ato ic ensemble and driven by squeezed vacuum
light. The interaction of the atomic ensemble with the
cavity mode leads to a destructive interference that per-
fectly cancels backaction noise of the MO, provided that
atomic ensemble parameters are chosen so that it acts
as a negative mass oscillator whose susceptibility per-
fectly cancels the mechanical one. Perfect CQNC occurs
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FIG. 5. (Color online) Force noise spectral density versus
(g/g0)
2. (a) for the case on-resonance (ω = ωm). Curves 1
(double-dot-dashed dark green line) and 5 (brown solid line)
refer to the CQNC and standard optomechanical spectrum
(Eq. (23)), respectively. (Γ − γm)/γm = +0.1 (curve 2, red
dashed); (Γ − γm)/γm = (G − g)/g = ±0.1 (curve 3, black
dashed); (Γ− γm)/γm = −0.1 (curve 4, green dashed); (G−
g)/g = −0.1 (curve 6, pink dashed); (G− g)/g = +0.1 (curve
7, blue dashed); (G − g)/g = −(Γ − γm)/γm = −0.1 (curve
8, orange dashed); and (G − g)/g = −(Γ − γm)/γm = +0.1
(curve 9, purple dashed). (b) for the case off-resonance (ω =
ωm + 4γm). Curves 1 (double-dot-dashed dark green line)
and 3 (brown solid line) refer to the CQNC and standard
optomechanical spectrum, respectively. (Γ− γm)/γm = ±0.1
(curve 2, blue dashed); (G−g)/g = −0.1, (Γ−γm)/γm = (G−
g)/g = −0.1, and (G−g)/g = −(Γ−γm)/γm = −0.1 (curve 4,
red dashed); (G−g)/g = 0.1, (Γ−γm)/γm = (G−g)/g = 0.1
and (G− g)/g = −(Γ− γm)/γm = 0.1 (curve , black dashed).
Here we have plotted mismatch and CQNC curves forN = 10,
∆c = 0, ϕ = ϕopt(0) = 0 and |M | =
√
N(N + 1). The other
parameter values are as in Fig. (2).
when the optomechanical and the atom-field interaction
coupling constants, the mechanical frequency and the ef-
fective atomic transition rate, and finally the dissipation
rate of the mechanical resonator and the decoherence rate
of the atomic ensemble respectively coincides. In the
presence of the injected squeezing CQNC is much more
effective because broadband high sensitive force detec-
tion is achieved at the cavity resonance and at much less
input laser power. In fact, the residual shot noise contri-
bution to the force noise spectrum is strongly suppressed
by the injected squeezed light, even at moderate values
I . 5. ( olor online) orce noise spectral density versus
(g/g0)
2. (a) Resonant case (ω = ωm). Curves 1 (double-dot-
dashed dark green line) and 9 (brown solid line) refer to the
CQNC and standard optomechanical spectrum (Eq. (B6)),
respectively. The other curves correspond to: (Γ−γm)/γm =
+0.1, G = g (curve 2, red dashed); (Γ − γm)/γm = (G −
g)/g = ±0.1 (curve 3, black dashed); (Γ − γm)/γm = −0.1,
g = G (curve 4, green dashed); (G − g)/g = −0.1, Γ = γm
(curve 5, pink dashed); (G − g)/g = +0.1, Γ = γm (curve
6, blue dashed); (G − g)/g = −(Γ − γm)/γm = −0.1 (curve
7, orange dashed); and (G − g)/g = −(Γ − γm)/γm = +0.1
(curve 8, purple dashed). Figure (b) refers to the off-resonant
case (ω = ωm + 4γm). Curves 1 (double-dot-dashed dark
green line) and 5 (brown solid line) refer to the CQNC and
standard optomechanical spectrum, respectively. The other
curves correspond to: (Γ− γm)/γm = ±0.1 and g = G (curve
2, blue dashed); (G−g)/g = −0.1 and Γ = γm, (Γ−γm)/γm =
(G − g)/g = −0.1, and (G − g)/g = −(Γ − γm)/γm = −0.1
(curve 3, red dashed); (G − g)/g = 0.1 and Γ = γm, (Γ −
γm)/γm = (G− g)/g = 0.1 and (G− g)/g = −(Γ−γm)/γm =
0.1 (curve 4, black dashed). As in Fig. 4, all curves refer to
N = 10, ∆c = 0, φ = φopt(0) = 0 and |M | =
√
N(N + 1).
The other parameter values are as in Fig. (2).
cels the mechanical one. Perfect CQNC occurs when the
optomechanical and the atom-field interaction coupling
constants, the mechanical frequency and the effective
atomic transition rate, and finally the dissipation rate
of the mechanical resonator and the decoherence rate of
the atomic ensemble, respectively coincide. The present
scheme could be implemented by combining state-of-the-
art m mbran -in-the-middle setup [78], with ultr cold
atomic ensemble systems used for long-lived light stor-
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age [77] and improves in various directions the dual cavity
proposal of Ref. [46]. The optical coupling rate between
cavities J in Ref. [46] is replaced by the cavity mode
detuning ∆c in our scheme, and due to this fact, the
present scheme reaches a stronger force noise suppres-
sion because such a suppression is optimal at resonance
∆c = 0, which can be set only in the present scheme. A
further noise suppression is realized by injected squeezed
vacuum in the cavity mode: in fact, shot noise is further
suppressed for increased squeezing, and this occurs at
much lower input laser power. We have also analyzed in
detail the effect of imperfect CQNC conditions, i.e., when
the mechanical and atomic parameters are not perfectly
matched, focusing on the case when the two couplings
with the cavity modes and/or the decay rates are differ-
ent. We have seen that backaction cancellation is robust
withe respect to the decay rate mismatch and 10% mis-
match can be tolerated, especially off-resonance. Instead
CQNC is very sensitive to the mismatch of the coupling
rates, and one has to tune the two couplings, by adjust-
ing the cavity and atomic driving, at the 0.1% level at
least.
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Appendix A: derivation of CQNC force noise
spectrum
Using the definitions provided in the main text, the
force noise spectrum is explicitly written as
〈
FˆN (ω)FˆN (−ω′)
〉
=〈
fˆ(ω)fˆ(−ω)
〉
+
κ
g2γmχm(ω)χm(−ω)[
(1− 1
χ′a(ω)κ
)(1− 1
χ′a(−ω)κ
)
〈
Pˆ ina (ω)Pˆ
in
a (−ω)
〉
−∆cχa(−ω)(1− 1
χ′a(ω)κ
)
〈
Pˆ ina (ω)Xˆ
in
a (−ω)
〉
−∆cχa(ω)(1− 1
χ′a(−ω)κ
)
〈
Xˆina (ω)Pˆ
in
a (−ω)
〉
+∆2cχa(ω)χa(−ω)
〈
Xˆina (ω)Xˆ
in
a (−ω)
〉]
+
〈
Pˆ ind (ω)Pˆ
in
d (−ω)
〉
− Γ/2− iω
ωm
〈
Pˆ ind (ω)Xˆ
in
d (−ω)
〉
−Γ/2 + iω
ωm
〈
Xˆind (ω)Pˆ
in
d (−ω)
〉
+
ω2 + Γ2/4
ω2m
〈
Xˆind (ω)Xˆ
in
d (−ω)
〉
, (A1)
where the correlation functions in the Fourier space are
given by〈
fˆ(ω)fˆ(−ω′)
〉
= (n¯m +
1
2
)δ(ω − ω′) ' kBT
~ωm
δ(ω − ω′),〈
Xˆina (ω)Xˆ
in
a (−ω′)
〉
=
1
2
((2N + 1) + 2ReM) δ(ω − ω′),〈
Pˆ ina (ω)Pˆ
in
a (−ω′)
〉
=
1
2
((2N + 1)− 2ReM) δ(ω − ω′),〈
Xˆina (ω)Pˆ
in
a (−ω′)
〉
=
i
2
(1− 2iImM) δ(ω − ω′),〈
Pˆ ina (ω)Xˆ
in
a (−ω′)
〉
=
−i
2
(1 + 2iImM) δ(ω − ω′),〈
Pˆ ind (ω)Xˆ
in
d (−ω′)
〉
= −
〈
Xˆind (ω)Pˆ
in
d (−ω′)
〉
=
i
2
δ(ω − ω′),〈
Xˆind (ω)Xˆ
in
d (−ω′)
〉
=
〈
Pˆ ind (ω)Pˆ
in
d (−ω′)
〉
=
1
2
δ(ω − ω′).
(A2)
Inserting these expressions one finally gets the general
result of Eq. (21).
Appendix B: Exact expression of force noise
spectrum
Based on Eq.(18), the exact expression of the force
noise spectrum in the general case without CQNC con-
dition is given by
SF (ω) = Sth(ω) + Sf (ω) + Sb(ω) + Satom(ω) + Sfb(ω),
(B1)
where Sth(ω) = kBT/~ωm is the thermal noise contri-
bution, Sf (ω) corresponds to the field contribution, the
third term is associated with the contribution of back-
action noise, the fourth term corresponds to the atomic
contribution, and the last term is an interference term
asscoaited with the joint action of the cavity field and of
the atoms. The explicit expressions are given by
Sf (ω) =
κ
g2γm|χm(ω)|2 {∆cIm [Z(ω) (1− 2iImM)]
+
[
1 +
1
κ2|χ′a(ω)|2
− 2Reχ
′
a(ω)
κ|χ′a(ω)|2
](
N +
1
2
− ReM
)
+∆2c |χa(ω)|2
(
N +
1
2
+ ReM
)}
, (B2a)
Sb(ω) =
4g2
κγm
(
N +
1
2
+ ReM
) ∣∣∣∣1 + G2g2 R(ω)
∣∣∣∣2 , (B2b)
Satom(ω) =
|A(ω)|2
2
(
1 +
ω2 + Γ2/4
ω2m
)
, (B2c)
Sfb(ω) =
κ
γm
Im
[
(2iImM − 1) Z(ω)
χ∗m(ω)
[
1 +
G2
g2
R(ω)
]]
− 2κ
γm
∆c|χa(ω)|2
(
N +
1
2
+ ReM
)
Re
[
1 + G
2
g2 R(ω)
χ∗m(ω)
]
,
(B2d)
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where
Z(ω) = χa(ω)
(
1− 1
κχ′∗a (ω)
)
, (B3a)
R(ω) =
χd(ω)
χm(ω)
= − (1 + r(ω)) , (B3b)
r(ω) =
iω(γm − Γ)
(ω2m − ω2) + iωΓ
, (B3c)
A(ω) =
G
g
√
Γ
γm
R(ω). (B3d)
Notice that under perfect CQNC conditions, 1 +
(G2/g2)R(ω) = 0, and both contributions Sb and Sfb
become zero. In the Markov limit, κ  ω, we keep only
the zero order of ω/κ, therefore we have
χa(ω) ' 2/κ+O(ω/κ),
χ′−1a (ω)'
κ
2
[(
1+4
∆2c
κ2
)
− 4∆c
κ2
g2χm(ω)
(
1+
G2
g2
R(ω)
)]
,
Z(ω)'κ−1
[
(1− 4∆
2
c
κ2
) + 4
∆c
κ2
g2χ∗m(ω)
(
1+
G2
g2
R∗(ω)
)]
,
(B4)
When we choose the optimal case of zero cavity detun-
ing, ∆c = 0, the total force noise spectrum considerably
simplifies and we get
S(ω)|∆c=0 =
kbT
~ωm
+
κ
4g2γm
1
|χm(ω)|2
(
N +
1
2
− ReM
)
+
4g2
κγm
(
N +
1
2
+ ReM
) ∣∣∣∣1 + G2g2 R(ω)
∣∣∣∣2
+
1
2
(
G
g
)2
Γ
γm
|R(ω)|2
(
1 +
ω2 + Γ2/4
ω2m
)
+Im
[
(2iImM − 1)
γmχ∗m(ω)
[
1 +
G2
g2
R(ω)
]]
. (B5)
Eq. (B5) shows the effect of mismatch. Without the
atomic ensemble (G = 0) the force noise spectrum of
the optomechanical cavity with squeezed injection can
be written as
Sstopt(ω) =
kBT
~ωm
+ 2ImMQm
ω2m − ω2
ω2m
+
1
4
κ
g2γm
1
|χm|2
(
N +
1
2
− ReM
)
+
4g2
κγm
(
N +
1
2
+ ReM
)
.
(B6)
If we restrict to the injected squeezing which is optimal
under perfect CQNC condition for suppressing shot noise,
i.e., ImM = φ = 0, one can easily see how the SQL
is modified by phase quadrature squeezing [48, 49], by
minimizing over g2: minimum noise is achieved at
g2 =
κ
4
1
|χm(ω)|
√
2N + 1− 2ReM
2N + 1 + 2ReM
, (B7)
corresponding to the modified SQL
SSQL =
√
(2N + 1)2 − 4(ReM)2
γm|χm(ω)| , (B8)
which in the case of pure squeezed driving |M | =√
N(N + 1) reproduces the usual force SQL, SSQL =
1/γm|χm(ω)| [48, 49].
If in the case without atoms we do not restrict to a
given squeezing phase, and we optimize not only over g2
(power), but also over the phase φ, we get that the opti-
mal power is still given by Eq. (B7), and that, restricting
to the pure squeezing case, the optimal squeezing phase
is given by 2ImM =
√
N(N + 1) sinφ = −Reχm/Imχm.
This latter optimization allows to reach the so-called ul-
timate quantum limit [50, 51] in the case of force sensing,
which is smaller or equal (at resonance) than the SQL,
and is given by
Sult =
|Imχm|
γm|χm(ω)|2 . (B9)
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